Previous studies for small formation flying dynamics about triangular libration points have determined the existence of regions of zero and minimum relative radial acceleration with respect to the nominal trajectory, that prevent from the expansion or contraction of the constellation. However, these studies only considered the gravitational force of the Earth and the Moon using the Circular Restricted Three Body Problem (CRTBP) scenario. Although the CRTBP model is a good approximation for the dynamics of spacecraft in the Earth-Moon system, the nominal trajectories around equilateral libration points are strongly affected when the primary orbit eccentricity and solar gravitational force are considered. In this manner, the goal of this work is the analysis of the best regions to place a formation that is flying close a bounded solution around L 4 , taking into account the Moon's eccentricity and Sun's gravity. This model is not only more realistic for practical engineering applications but permits to determine more accurately the fuel consumption to maintain the geometry of the formation.
Introduction
The concept of Satellite Formation Flying (SFF) means to have two or more spacecraft in orbit such that their relative positions remain constant or obeying a certain dynamical configuration along the trajectory (Sholomitsky et al., 1977; Battrick, 2000; Bristow et al., 2000; Burns et al., 2000; Ticker and Azzolini, 2000; Fridlund and Capaccioni, 2002; Hsiao and Scheeres, 2002) . This concept involves the control over the coordinated motion of a group of satellites, with the goal of maintaining a specific geometric space configuration among the elements of the formation (Sabol et al., 2001) . It allows that a group of small satellites, arranged in a space formation flying, operate like a large 'virtual satellite'. This formation will have many benefits over single satellites, including simpler designs, faster build times, cheaper and unprecedented high resolution (Kapila et al., 2000) .
Over the past decade, numerous formation flying missions have been conceived. In regard to outer space, the Laser Interferometer Space Antenna (LISA) is a proposed mission that uses three identical spacecraft flying in a triangular formation, with equal arms of 5 million kilometers each, to observe astrophysical and cosmological sources of gravitational waves of low frequencies (Peterseim et al., 2000) . Another example is the PRISMA formation flying and rendezvous technology mission, that consists of two spacecraft: Mango and Tango, with a total mass of about 200 kg, and its primary purpose is to demonstrate formation flying and rendezvous technology, not only in terms of Guidance, Navigation and Control software and algorithms, but also in terms of instruments and operational aspects (e.g., small rocket engines and Micro Electro Mechanical Systems). PRISMA mission was launched successfully on June 25, 2010, into a Sun synchronous orbit at approximately 750 km altitude (Persson et al., 2006; Gill et al., 2007; Hellman et al., 2009; Persson et al., 2010) . Other interesting formation flying mission is the New Worlds Observer (NWO) (Cash et al., 2009) . NWO consists of a large telescope and an occulter spacecraft in tandem at about 50, 000 km apart. The two spacecraft would be flying at the Earth-Sun L 2 Lagrangian point or in a drift-away solar orbit. Its purpose is to discover and analyze terrestrial extra-solar planets. The NWO planned launch date is about 2018. On the other hand, in the planetary orbit scenario, an example of formation is the pair of satellites Landsat 7 with Earth Observing-1, mission designed to enable the development of future Earth imaging observatories that will have a significant increase in performance while reducing cost and mass (Flick, 2012) .
For outer space scenario, there exists interest of major space agencies to position SFF in halo orbits around Lagrangian points L 1 and L 2 (Faquar, 1968; Gómez et al., 2001a; Howell and Marchand, 2005; Marchand and Howell, 2005; Héritier and Howell, 2014) or L 4 and L 5 (Simó et al., 1987) . In the case of Earth-Moon system, L 4 and L 5 points could be excellent locations to place space telescopes for astronomical observations or a space station (Schutz, 1977) . In addition, Defilippi (1977) made a review of the ideas of American physicist Gerard K. O'Neill (O'Neill, 1974) about building space colonies at the L 4 and L 5 positions. These space stations could be used as a way-point for travelling to and from the region between Earth's atmosphere and the Moon (cis-lunar space). Despite this advantage, today there are no missions orbiting L 4 or L 5 points for any celestial pair of primaries.
One of the problems of positioning satellites in formation flying is the cost to maintain them continuously orbiting each other. For the reason that keeping a formation from drifting apart and achieving mission requirements is expected to require significantly more fuel than station keeping a single spacecraft. Previous studies like those by Catlin and McLaughlin (2007) , Wong (2009) and Salazar et al. (2014) on SFF about L 4 in the Earth-Moon system have been carried out. The motion of small formation flying near Triangular Libration points was studied adopting the Circular Restricted Three Body Problem (CRTBP) model. Catlin and McLaughlin (2007) show that formations are possible at the Triangular points for uncontrolled trajectories due to the stability of stationary solutions. On the other hand, Wong (2009) establishes that a system control is required and develops strategies for keeping a spacecraft formation system at L 4 . Salazar et al. (2014) present analytical and numerical methods based on the linearization of the relative equations of motion with respect to periodic orbits around L 4 to find the regions where the radial component of the relative acceleration with respect to periodic orbits is zero, such that, large variations of the mutual distance between satellites are avoided. Therefore, supposing that the relative velocity of each satellite with respect to the periodic orbit is zero, the most feasible relative positions for formation flying have to be orthogonal to the relative acceleration. Gómez et al. (2006) applied a similar methodology for halo orbits around the collinear equilibrium point L 2 in the Sun-Earth system, which are unstable, and showing the existence of regions of zero relative radial acceleration for halo orbits. Catlin and McLaughlin (2007) , Wong (2009) and Salazar et al. (2014) show that velocity change requirements demanded by the control methods would be very small in the CRTBP scenario. Thus, these studies conclude that nonlinear aspects as well as perturbations forces (e.g. solar gravity, solar radiation pressure) are necessary to provide a more real-world accurate descriptions of motion and control of formation flying around equilateral libration points in the Earth-Moon system.
In order to cope with Moon's eccentricity and Sun's perturbation, two scenar-ios for formation flying are considered here. The first one is the Elliptic Restricted Three Body Problem (ERTBP). The equations of motion for the ERTBP in the pulsating synodic system are non-autonomous, but there are still five equilibrium points with similar dynamics to the ones in the CRTBP (Danby, 1964; Érdi et al., 2009 ). Thus, considering Moon's eccentricity, triangular libration points remain stable in the Earth-Moon system. Nevertheless, periodic orbits around equilibrium points no longer exist and are replaced by quasi-periodic orbits. Numerical methods are used to study the dynamics around equilibrium points; However, analytical solutions can provide deep insights for understanding the motion around equilibrium points. Lei and Xu (2014) construct high-order solutions of bounded orbits around L 4 and L 5 in the ERTBP, expressed as formal series of four amplitudes: the orbital eccentricity, the long, short and vertical periodic amplitudes. The series expansion up to arbitrary order are constructed by means of Lindsteadt-Poincaré method. Bounded orbits around these points are considered for applications to space missions. The second scenario analyzed here is the Bicircular Four Body Problem (BCFBP). This dynamical model is a simplified version of the Restricted Four Body Problem. In this case, we suppose that the Earth and the Moon are rotating in circular orbits around their center of mass, and the Earth-Moon barycenter turns in a circular orbit around the center of masses of the Sun-Earth-Moon system (Simó et al., 1995) . Although the model is not coherent with the motion of these three bodies due to the assumptions made above, it captures in some sense the basic dynamics of a real four body problem. The equations of motion of the BCFBP in the synodic system can be written in an autonomous fashion; however, L 4 and L 5 are no longer equilibrium points, only retaining their geometrical meaning. Using different approaches, Kolenkiewicz and Carpenter (1967) , Kolenkiewicz and Carpenter (1968) , and Gómez et al. (2001b) have obtained three periodic orbits in the synodical coordinate frame, that have the same period as the Sun. Two of them are linearly stable, lying far away from the triangular libration points of the CRTBP, while the other one, small and slightly unstable. Similarly, two more periodic orbits (mildly unstable) were found, both having period three times of the Sun.
The goal of this work is to investigate the existence of stable regions for small formation flight dynamics (maximum distance between the satellites no greater than few kilometers at most) near bounded solutions around the equilateral equilibrium points of the CRTBP adopting the Elliptic Restricted Three Body Problem (ERTBP) and the BiCircular Four Body Problem (BCFBP) scenarios. Compared to CRTBP, Moon's eccentricity and gravitational perturbation from Sun could approximate the dynamics near triangular libration points more accurately. Similarly, the method based on the linearization of the relative equations of motion with respect to tra-jectories around L 4 is carried out. Additionally, the cost estimate to maintain a formation in these regions or keeping a rigid configuration is computed according to the residual acceleration concept.
The remainder of this paper is organized as follows. Sections 2 and 3 describe the equations of motion of the ERTBP and BCFBP, respectively, and quasi-periodic and periodic solutions about L 4 . Section 4 defines the regions of Zero Relative Radial Acceleration component with respect to a nominal trajectory, as well as, the function to estimate the cost to maintain a formation. Sections 5 and 6 determine the surfaces of zero drift for a family of bounded solutions about L 4 in the elliptic and bicircular scenarios, respectively, and compute the cost estimate to keep the geometrical configuration of the spacecraft placed in those regions. At last, the conclusions together with the discussion are drawn in Section 7.
2. Quasi-periodic orbits around triangular libration points in the ERTBP
The Equations of the ERTBP
Let us consider two primaries P 1 of mass 1 − µ and P 2 of mass µ, moving around their barycenter in an elliptic orbit, such that, the total mass of the primaries, their instantaneous distance between them and instantaneous angular velocity are all taken as unity. In addition, the Newton's gravitational constant and the period of the secondary are 1.0 and 2π, respectively. The differential equations of motion for a spacecraft P 3 using a rotating Cartesian rectangular coordinate system with the primaries in the non-dimensional variables are governed by (Szebehely, 1967) x ′′ − 2y ′ = 1 1 + e cos f ∂Ω ∂x ,
where e is the orbital eccentricity of the secondary, f is the true anomaly of the secondary and Ω is the pseudo potential function of the three-body problem given by
with
The system of differential equations (1) is formulated in the barycentric pulsating synodic coordinate system where the positions of P 1 and P 2 in this frame remain fixed at (−µ, 0, 0) and (1 − µ, 0, 0), respectively, and f is taken as the time-independent variable. Thus, the first and second derivatives of the coordinates are taken with respect to f , i.e.,
(similar expressions for y and z components).
Similarly to the CRTBP scenario, the equations of motion in the ERTBP have five equilibrium points, three of them, denoted by L 1 , L 2 and L 3 , aligned with the x-axis, are called collinear libration points, and the remaining two points, denoted by L 4 and L 5 , constituting equilateral triangles with the primaries, are called triangular libration points.
Solutions around equilateral equilibrium points in the ERTBP
In the Earth-Moon Elliptic restricted three body problem, the mass parameter of the system is µ = 1.215058560962404 × 10 −2 , while the orbital eccentricity of the Moon is e = 0.05488 (Fitzpatrick, 2012) . Because of the perturbation of the Moon's eccentricity, the periodic orbits around triangular libration points no longer exists, and are replaced by quasi-periodic orbits. Lei and Xu (2014) expanded analytical solutions around triangular libration points as formal series of the orbital eccentricity e, amplitude of the long periodic motion α, amplitude of the short periodic motion β and amplitude of vertical periodic motion γ. In the process of construction, four orders are defined: N 1 denotes the order of the orbital eccentricity, N 2 denotes the order of long periodic amplitude, N 3 denotes the order of short periodic amplitude, and N 4 denotes the order of vertical amplitude. The total order of the analytical solution is N = N 1 + N 2 + N 3 + N 4 . Thus, the general terms of the formal series for each coordinate are
and l, m, n, r ∈ Z. The unknown coefficients x lmnr pijk , y lmnr pijk , z lmnr pijk associated with an analytical solution constructed up to order (N 1 , N 2 , N 3 , N 4 ) are determined from loworder solutions by Lindstedt-Poincaré method (Drazin, 1992) , that is, the terms up to order (n 1 , n 2 , n 3 , n 4 ), n i ≤ N i (i = 1, . . . , 4) are to be computed. The analytical expressions permit to compute the first and second derivatives of initial states with respect to true anomaly f corresponding to quasi-periodic motions.
In order to check the behavior of a formation in a long and short quasi-periodic orbits near triangular libration points in the Earth-Moon ERTBP, two families of five spatial quasi-periodic orbits around L 4 during 226 units of dimensionless time (about 1, 000 days) are considered, and their projections into the (x, y) and (x, z) planes are presented in Fig. 1 for α = 0.01, 0.02, 0.03, 0.04, 0.05 adim, β = 0, γ = 0.03 adim (Fig. 1a and Fig. 1b) , and α = 0, β = 0.01, 0.02, 0.03, 0.04, 0.05 adim, γ = 0.03 adim (Fig. 1c and Fig. 1d ). Each orbit was obtained by series expansions, taking the construction of analytical solutions truncated at order (3, 3, 3, 3) . Three dimensional motion is considered in this section, therefore, no planar formations are carried out. As so, all satellites in the cluster have out-ofplane component. Additionally, analytical solutions truncated at order (3, 3, 3, 3) for e = 0.05488, α < 0.05 adim, β < 0.05 adim, γ < 0.03 adim present a domain of convergence about 1.0 × 10
adim, more than enough for practical purposes (1 adim is about 384, 405 km). The system of differential equations (1) were integrated numerically considering the initial states given by the analytical expressions and using the Bulirsch-Stoer algorithm (Stoer and Bulirsch, 1980; Press et al., 1992) , programmed in the C language, choosing a dimensionless step size h = 1.0 × 10
and setting a tolerance of 1.0 × 10 
Periodic orbits around triangular libration points in the BCFBP

The Equations of the BCFBP
Taking into account the Sun's gravitational force in the Earth-Moon system, the BCFBP is formulated under the following assumptions: (i) the movements of the Sun, Earth and Moon take place in the same plane; (ii) the Earth and Moon move around their barycenter in a circular orbit; (iii) the Sun and Earth-Moon barycenter move around their common center in circular orbits. This dynamical model is a modified version of the Earth-Moon CRTBP and catches the basic dynamics of the real four-body problem.
Similarly, let µ be the mass of the Moon, 1 − µ the mass of the Earth and µ S the mass of the Sun. Taking as unity the distance between the Earth and the Moon, let a S the distance from the Earth-Moon barycenter to the Sun. The equations of motion in the Earth-Moon synodic system, centered at the Earth-Moon barycenter are given by (Gómez et al., 2001b) x − 2ẏ = ∂Ω S ∂x ,
where ω S is the angular speed of the Sun in the synodical system, θ S is the phase angle of the Sun relative to the Earth-Moon line, and Ω S is the perturbed pseudo potential caused by the Sun,
The positions of the Earth, the Moon, and the Sun in the synodical system are (−µ, 0, 0), (1 − µ, 0, 0), (a S cos θ S , −a S sin θ S , 0), respectively. Additionally, even though the system of differential equations (4) is autonomous, L 4 and L 5 are no longer equilibrium points, keeping only a geometrical meaning.
Solutions around triangular libration points in the BCFBP
In the Sun-Earth-Moon Bicircular four body problem, we take the mass parameter µ = 1.215058560962404 × 10 −2 , the mass of the Sun µ S = 328900.55, the distance between the Sun and the Earth-Moon barycenter a S = 388.8111430233514 adim, and the angular speed of the Sun ω S = 0.92519598551828964. These values are consistent with the ones used by Gómez et al. (2001b) . Fig. 2 shows a set of trajectories, obtained by initial conditions of five planar periodic orbits of the EarthMoon CRBTP around L 4 , with amplitude of long periodic motion α = 0.01, 0.02, 0.03, 0.04, 0.05 adim, and perturbed by the Sun using the BCFBP with initial phase angle θ S = 0 at 226 units of dimensionless time (about 1, 000 days), i.e., the initial angle between the Sun-Earth and Earth-Moon lines is equal to zero. As can be seen in Fig. 2 , periodic orbits in the vicinity of triangular points in the Earth-Moon CRTBP become quasi-periodic orbits when Sun's gravitational attraction is included, that expand up to 0.6 adim approximately (about 230, 000 km) and contract to some 0.02 adim (about 7, 600 km) from L 4 , and for α > 0.03 adim, the spacecraft left the libration-point-centered motion. This fact was already reported by Feldt and Schulman (1966) , Tapley and Schultz (1965) , and Tapley and Schultz (1968) , showing the lack of stability of the motion close to L 4 and L 5 ; unlike the perturbation from Moon's eccentricity in the Earth-Moon ERTBP that keeps up the stability of the triangular libration points as shown in Fig. 1 . Therefore, the objective of this investigation is to choose a set of well-behaved bounded solutions about L 4 to place a formation when solar gravitational force is considered.
The effects of the initial configuration of the Sun-Earth-Moon were studied by Tapley and Lewallen (1964) , Wolaver (1965) , and more recently, by Munoz (2008) . The problem is to determine the initial phase angle θ S , i.e., the initial position of the Sun, that minimizes the maximum displacement from L 4 . Wolaver (1965) , using the approximation of the BCFBP and linearizing the equations of motion in the vicinity of L 4 , obtained three initial positions of the Sun that showed a maximum displacement of 5, 349 km from L 4 for 400 days. However, this solution does not persist in a more realistic ephemeris-based model. On the other hand, Tapley and Lewallen (1964) , including also the inclination of the Sun's orbit in the Sun-EarthMoon system, found that the motion of the spacecraft initially at L 4 is very dependent on the initial position of the Sun and that the amplitude of motion about L 4 and L 5 is greater than what was predicted by the linearized equations. Similarly, Munoz (2008) obtained an initial value of θ S in the Sun-Earth-Moon BCFBP, so that, a spacecraft initially at rest at L 4 remained within 30, 000 km of L 4 for a propagation time of 7, 000 days. However, the resulting trajectory was extremely sensitive to the initial value of θ S . Therefore, using more realistic model of the Sun-Earth-Moon system, Munoz (2008) studied the motion of a spacecraft near the triangular libration points in the Earth-Moon system using the SPICE ephemerides, and found in the year 2007, 12 and 13 epochs in the L 4 and L 5 cases, respectively, such that the spacecraft would not exhibit the expansion and contraction as shown in Fig. 2 , and remain in a close vicinity about triangular points for at least 3, 000 days. But in this model again, the resultant motion was sensitive to the initial configuration.
On the other hand, despite the wide departures from L 4 described above, Schechter (1968) showed the existence of two periodic orbits around L 4 whose period is the same as the period of the Sun's perturbation: One stable, with a semi-major axis of about 97, 000 km, and another unstable, and slightly larger than the stable one. Schechter (1968) also concluded that the triangular points are no longer stable. Similarly, Kolenkiewicz and Carpenter (1967) , using the Huang's model (Huang, 1960) for the Sun-Earth-Moon system, found two stable, periodic orbits, larger than what Schechter (1968) predicted (145, 000 km), and one small, unstable orbit very close to L 4 , in agreement with Schechter (1968)'s conclusion. Later, Gómez et al. (2001b) , using a continuation method to pass from the Earth-Moon CRTBP to the Sun-EarthMoon BCFBP, found three periodic orbits with initial phase angle θ S = 0, whose period is equal to the period of revolution of the Sun in the Earth-Moon synodical system, i.e., 6.791 units of dimensionless time (about 29 days). Those orbits, denoted by A, B, and C, are shown in Fig. 3 and Fig. 4 in the Earth-Moon rotating frame centered in the Earth-Moon barycenter. Although orbits A and B are quite similar, the initial condition, marked with a small circle on the orbit, is different. The periodic orbits A and B are stable solutions about L 4 , i.e., the norm of the eigenvalues of the monodromy matrix associated with the two trajectories are less than one. Those orbits are very large, about 0.6 adim (230, 000 km) along the x-axis and 0.4 adim (153, 000 km) along the y-axis. Orbit C is unstable periodic orbit about L 4 . This orbit remains within 0.02 adim (7, 600 km) of the libration point.
Finally, Gómez et al. (2001b) found two larger, unstable periodic orbits with initial phase angle θ S = 0, whose period is three times larger than the solar perturbation, i.e., 20.373 units of dimensionless time (about 88 days). Those orbits, denoted by D and E, are shown in Fig. 5 . In the same way, orbits D and D are quite similar, but the initial condition, marked with a small circle on the orbit, is different. When a more realistic model is considered, there remain quasi-periodic orbits around L 4 and L 5 as shown by Díez et al. (1991) , Jorba (2000) and Gómez et al. (2001c) . The five planar periodic orbits about L 4 described in this section will be chosen and analyzed in this study as nominal trajectories, such that, a small planar formation is flying near them. 
Equations of local dynamics of SFF derived via variational equations
For the purpose of this research, the satellite located at the center of the relative frame, will be called 'chief' satellite and the satellite operating in the vicinity of the chief will be called 'deputy' (see Fig. 6 ). In order to avoid expansion or contraction with respect to the chief satellite, the existence of regions with zero relative velocity and zero relative radial acceleration (ZRRA) may be exploited (Perea, 2006) . Assuming that the radius of the formation geometry structure (largest separation between spacecraft) is small, no greater than few kilometers at most, then a linear approach gives all the relevant information about the local dynamics of the problem. Let
be the vector that describes the position and velocity of the deputy satellite in the rotating frame, where superscript "T " means transpose. Given a reference solution X h around L 4 , i.e, the corresponding trajectory that is supposedly followed by the chief satellite, then the linear variational equations of motion about the reference solution in the matrix form is given by
where δX (t) = X h (t) − X (t) represents the variations of the deputy satellite with respect to the chief's path. The coordinates of δX (t) are defined in a coordinate system (x,ŷ,ẑ) parallel to the rotating coordinate system x, y, z and centered at X h (t) as shown in Fig. 6 . The matrix A (t) is time-varying of the form
where the matrices F and J are defined as
The symbol Ω S ij stands for the partial derivatives ∂ 2 Ω S /∂i∂j for i, j = x, y, z, and these partials are evaluated along the reference trajectory. In the ERTBP scenario, the time derivative in (8) is taken with respect to true anomaly f and the matrix F is of the form
Zero Relative Radial Accelerations Cones
Writing the variations of the deputy satellite as δX = (δr δṙ) T , where δr = (δx, δy, δz)
T , the linear system (8) becomes
Assuming a small distance between the deputy and chief satellites, and relative velocity in an ideal direction equal to zero, from Eq.(13), the relative acceleration is then δr = F δr.
Figure 6: Illustration of a satellite formation flying about L 4 . X h (t) and X (t) denote the corresponding trajectories of the chief and deputy satellites, respectively, δX (t) represents the variations of the deputy satellite with respect to chief's path in a coordinate system parallel to the rotating coordinate system x, y, z and centered at X h (t) (not to scale).
Therefore, the locations such that radial component of the relative acceleration is zero satisfies the equation
Eq.(15) represents a quadratic surface, which depends on the point X h (t) selected along the reference solution of (1) or (4). Regions with Zero Relative Radial Acceleration (ZRRA) component can also be computed numerically. Given a certain reference solution, let us consider a point along the trajectory that represents the state of the chief spacecraft. Now, centered at the location of the chief satellite, let us define a sphere of radius equal to 2 km in the configuration space, such that, the velocity of all the points on the sphere are assumed to be equal to zero (zero relative velocity condition). Using polar coordinates, the locations of the deputy vehicle on the sphere can be parametrized by the angles ψ and φ as illustrated in Fig. 7 . The relative acceleration, that corresponds to each of the states of the sphere, can be evaluated using the right side of Eqs. (1) or (4), whose dot product with δr (ψ, φ) will permit to obtain the desired radial component.
Cost Estimate to Maintain a Spacecraft in a Formation
The cost estimate to maintain two or more satellites in formation can be evaluated using the concept of residual acceleration. Thus, given a certain reference Figure 7 : Sphere of radius equal to 2 km centered at the location of the chief satellite in the configuration space, such that, the velocity of all the points on the sphere are assumed to be equal to zero, and the locations of the deputy vehicle on the sphere are parametrized using spherical coordinates denoted by the angles ψ and φ.
trajectory X h (t) around L 4 , suppose that a spacecraft is following an artificial trajectory around it, i.e., there exists a continuous effort (control) applied on it to maintain this trajectory. Let us denote by δr a (t) the relative position at time t. If there is no continuous effort applied on the spacecraft, then the function δr a (t) will satisfy Eq.(13). However, if a control is applied on the spacecraft, there is a residual acceleration as a consequence of the maneuvers applied on it. Hence, denoting by R a the residual acceleration, it can be computed using Eq.(13):
Therefore, the cost estimate ∆V to maintain the spacecraft on an artificial trajectory until a time T is simply:
5. Zero Relative Acceleration Cones in a family of solutions about L 4
The Earth-Moon ERTBP scenario
Since the analytical expression for the ZRRA derived by Eq.(15) represents a quadratic surface, then Eq.(15) is transformed into its canonical form using a change of coordinates. Because of matrix F is symmetric, i.e., F = F T , it can be diagonalized and takes the form
where P is the orthogonal matrix and Λ is the real diagonal matrix, and are of the form
The real values λ 1 , λ 2 , and λ 3 represent the eigenvalues of F . The column vectors V 1 , V 2 , and V 3 denote the eigenvectors of F and form an orthonormal basis that identifies the principal directions of the quadratic surface. Now, defining the vector δη = (δη 1 δη 2 δη 3 ) T , such that, δη = P T δr, then Eq.(15) can be rewritten in the following form
Eq.(21) represents a second order surface and there are 17 standard-form types (Hilbert and Cohn-Vossen, 1999) . However, since the right side of Eq.(21) is equal to zero, then there are only two types of quadratic surfaces to be investigated: the elliptic cones and the intersecting planes. To determine the type of quadratic surface out of these two forms in Eq. (21), the following components of matrix Λ are examined: i) The determinant ∆ of matrix Λ, ii) the rank ρ of Λ, and iii) the sign of the eigenvalues λ 1 , λ 2 , and λ 3 . Another approximation is derived by Héritier and Howell (2014) by considering the locations along a halo orbit near the L 2 Sun-Earth libration point, such that, the relative acceleration is less than a small positive coefficient denoted by ε. Small ellipsoids are then derived along the reference path, that maintain the mutual distance between the spacecraft and the pointing direction orienting the formation. In this case, the small ellipsoids correspond to the following quadratic inequality
To derive these ellipsoids, various small distances between the chief and deputy spacecraft are examined, while varying the value for the ε coefficient. The eigenvectors of the matrix F also represent the principal directions corresponding to the ellipsoids and, therefore, the ellipsoids possess the same orientation as the cones derived in this work given the same reference trajectory.
The eigenvalues λ 1 , λ 2 , and λ 3 associated to the matrix F in Eq. (18) are then examined considering the family of quasi-periodic orbits defined in Fig. 1 . As can be seen in Fig. 8 , the sign of the eigenvalues λ 1 and λ 3 is never equal or close to zero along the family of long quasi-periodic orbits. However, examining the behavior of the sign of λ 2 , it was found that the eigenvalue λ 2 = 0 (rank ρ = 2) at some locations along the reference orbit for α ≥ 0.04 adim (β = 0, γ = 0.03 adim). Similarly, it was obtained that λ 2 = 0 at some locations along the reference orbit for β ≥ 0.02 adim (α = 0, γ = 0.03 adim). Hence, fixing the vertical periodic motion, only elliptic cones exist (rank ρ = 3) in the vicinity of a family of long and short quasi-periodic orbits when α < 0.04 adim and β < 0.02 adim (near enough L 4 ), respectively. On the other hand, at some positions on the reference quasi-periodic orbits, elliptic cones become intersecting planes (rank ρ = 2) when α ≥ 0.04 adim and β ≥ 0.02 adim (far enough from L 4 ), changing their orientation. To illustrate how the relative radial acceleration varies as a function of angles ψ and φ (defined previously in Fig. 7 ), Fig. 9 shows the dimensionless relative radial acceleration component between the deputy satellite and chief spacecraft, computed numerically using the right side of Eq.(1), corresponding to the family of long and short quasi-periodic orbits, respectively, at specific locations such that the eigenvalue λ 2 does not approach to zero. The corresponding sphere of radius 2 km shows there appear two maxima, associated to the unstable directions, and two minima, related to the stable ones. However, the relative radial acceleration never reaches zero. Therefore, a small positive coefficient ε may be introduced for the computation of low drift regions, and similarly, Eq.(15) could be rewritten as
Figure 9: (a)-(e) Dimensionless relative radial acceleration component with respect to angles ψ and φ at the chief location at time t = 70 days from the initial location, considering the family of long quasi-periodic orbits.
Cost Estimate to maintain a formation on the ZRRA cones
In this section we estimate the cost to maintain a formation moving within the ZRRA cones, considering a separation along the reference solution between the deputy and chief spacecraft of 2 km and four different geometrical configurations. This separation is also considered in the Sun-Earth-Moon BCFB scenario. For simplicity, we will assume that the formation has only three spacecraft: two deputy vehicles at the edges of a segment on the (δη 1 , δη 3 )-or (δη 1 , δη 2 ) planes and the chief satellite at the middle point. The third satellite will move along the reference orbits shown in Fig. 1 without any control acting on it. The length of the segment will then be 4 km. Fig. 10 illustrates the four geometrical configurations with respect to the orthonormal space generated by the eigenvectors V 1 , V 2 , V 3 defined previously. As the central spacecraft moves along the reference orbit, the first and second formations, considered in Fig. 10 , set the two deputy vehicles on the (δη 1 , δη 3 )-plane, forced to be always on a segment parallel to the initial one, keeping their mutual distances fixed. Similarly, the third and fourth formations set the two deputy vehicles on the (δη 1 , δη 2 )-plane. If the eigenvalue λ 2 does not approach to zero along a reference path, the four configurations will be considered, otherwise only the first and second ones will be considered to avoid the singularity that appears as a result of the inclination of the intersecting planes. Additionally, segments on (δη 2 , δη 3 )-plane will not be defined since the elliptic cones do not intersect this plane when λ 2 > 0.
Figure 10: Four geometrical configurations with respect to the orthonormal space generated by the eigenvectors V 1 , V 2 , V 3 of matrix F . The chief spacecraft is placed at the middle of a segment defined by the two deputy satellites. The first and second formations set the two deputy vehicles at the edges of the segment defined on the (δη 1 , δη 3 )-plane, forced to be always on a segment parallel to the initial one, keeping their mutual distances fixed. Similarly, the third and fourth formations set the two deputy vehicles on the (δη 1 , δη 2 )-plane.
The relative position vector δr a , from the initial location along the reference orbit to the deputy satellite trajectory during 226 units of dimensionless time (about 1, 000 days), will be computed solving Eq.(21) and using the fact that δr a = P δη, where P is the orthogonal matrix defined previously in Eq.(19). The first and second derivatives of the coordinates of vector δr a with respect to time will be approximated by a central finite difference of eighth-order accuracy (Fornberg, 1988) . Finally, the coordinates of residual acceleration vector R a will be computed using Eq.(16) and, the cost estimate ∆V to maintain the formation within the ZRRA cones will be determined numerically integrating the expression (17) with T = 226 by the Trapezoid method.
Hence, let us denote by ∆V i , where i = 1, 2, 3, 4, 5, the cost estimate for the quasi-periodic orbit with α = 0.01, 0.02, 0.03, 0.04, 0.05, respectively. Table 2 shows the ∆V i (m/s) for the four geometrical configurations along the family of long quasi-periodic orbits shown in Fig. 1 . Similar values were obtained for the family of short quasi-periodic orbits. As can be seen in Table 2 , for the first and second formations the cost estimate practically remains constant. The same situation presents the last two formations. On the other hand, the costs estimated in Table  2 show that, although the Moon's eccentricity affects the periodic behavior of long and short period orbits found in the Earth-Moon CRTBP, the formation keeping ∆V requirements are very small for all four configurations. This fact highlights the small variations in the mutual distance between the spacecraft when the formation would be aligned in the direction of the zero drift regions. For instance, placing a planar formation at the low drift regions along a family of periodic orbits near and far from L 4 in the Earth-Moon CRTBP scenario, Salazar et al. (2014) estimated, using the residual acceleration concept, an average required change in velocity of 1 cm/s/year to control the formation; whereas Wong (2009) computed a higher cost, an average of 10 cm/s/year, using Linear Quadratic Regulator (LQR) control for reference in-plane elliptical relative trajectories near the Earth-Moon L 4 point in the same scenario. Table 2 : Cost estimate ∆V i (m/s) to maintain two deputy spacecraft within the ZRRA cones defined along the family of long quasi-periodic orbits shown in Fig. 1 , during 226 units of dimensionless time (about 1, 000 days), and keeping a fixed distance of 2 km between the deputy and chief spacecraft.
Finally, analyzing the cost estimate, we note that the ∆V requirements are less when the spacecraft are set on the plane generated by eigenvectors V 1 and V 2 (see Fig. 10 ). Since the coordinates of each formation were defined in the orthonormal space {V 1 , V 2 , V 3 }, an easier way to see the deputy vehicle's orientation followed along the reference orbits in each formation, is to determine its spherical coordinates with respect to deputy spacecraft, defined in Fig. 7 . For simplicity, only the orientation for the long quasi-periodic orbits will be determined.
Similarly, let us denote by orbit 1, 2, 3, 4, and 5, the quasi-periodic orbits shown in Fig. 1 , such that, α = 0.01, 0.02, 0.03, 0.04, 0.05 adim, i.e, orbit 1 corresponds to the smallest quasi-periodic orbit and orbit 5 represents the largest one in Fig. 1 . Then, let us denote by ψ ij and φ ij the spherical coordinates ψ and φ for the deputy vehicle with respect to the chief satellite, placed along the orbit i, and maintaining the formation j. Thus, Fig. 11 shows the angles ψ ij and φ ij for i = 1, 2, 3, 4, 5 and j = 1, 2, 3, 4, along the long quasi-periodic orbits. As can be seen in Fig. 11 , for formations near L 4 , the cost estimate for keeping a formation along the ZRRA cones increases when the coordinate ψ points out in the same direction that the vector that connects the Earth's center with L 4 , i.e., ψ about 60 degrees (or 240 degrees). In addition, the cost decreases when the coordinate ψ points out in the direction orthogonal to the vector that connects the Earth's center with L 4 , i.e., ψ about 150 degrees (or 330 degrees). Additionally, Fig. 11 , shows that the vertical component of formations 3 and 4 remains much closer to the (x, y)-plane (ϕ about −5 degrees) than formations 1 and 2 (ϕ about −60 degrees). The orientation of the four formations are illustrated in Fig. 12 . It is worth mentioning that, similar results regarding the orientation of the formation, were found by Salazar et al. (2014) for planar formations near L 4 in the Earth-Moon CRTBP scenario.
In the next section, the influence of the Sun's gravitational attraction in a formation flying about equilateral libration points of the CRTBP will be studied.
Minimum Relative Acceleration Lines in a family of periodic solutions
about L 4
The Sun-Earth-Moon BCFBP scenario
In this section, we will determine the regions with Zero Relative Radial Acceleration component for the family of periodic orbits about L 4 shown in Fig. 3, Fig. 4 , and Fig. 5 . Since the periodic orbits lie on the orbital plane, only planar formations will be considered as a first approximation. Thus, the matrix that must be analyzed along the planar trajectories corresponds to the sub-matrix of F , composed by the partial derivatives of the pseudo potential Ω S with respect to x and y. Hence, let us define matrix F xy as
Similarly, since matrix F xy is symmetric, it can be diagonalized and Eq.(15) can be rewritten for the planar case in the following form
Figure 11: (a)-(h) Spherical coordinate ψ ij and φ ij for the deputy vehicle with respect to the chief satellite, placed along the long quasi-periodic orbit i, maintaining the formation j, during 226 units of dimensionless time (about 1, 000 days).
where λ 1 and λ 2 denotes the eigenvalues of matrix F xy . Eq. (25) represents a curve of the second order and there are 9 standard-form types (Lawrence, 1972; Barry, 2007) . However, since the right side of Eq.(21) is equal to zero, then there are only one type of quadratic curve to be investigated: the intersecting lines. To determine the existence of intersecting lines in Eq. (25), the sign of the product between the eigenvalues λ 1 , λ 2 must be examined. Thus, if the sign of the product is negative, then the curves described by Eq.(25) are intersecting lines, otherwise there does not exist any curve. In this investigation only the real domain in Eq. (25) is examined. Thus, the existence of intersecting lines depends on the given reference orbit about L 4 and the corresponding properties of sub-matrix F xy . Fig. 13 shows the eigenvalues λ 1 and λ 2 along the periodic orbits shown in Fig.  3, Fig. 4 , and Fig. 5 . As can be seen in Fig. 13 , since eigenvalue λ 2 is always positive along all five periodic orbits, then the sign of the product between the eigenvalues depends exclusively on the sign of eigenvalue λ 1 . Examining the sign of λ 1 , Fig. 13 shows that λ 1 is negative uniquely in certain intervals, i.e., there exist only some locations with Zero Relative Radial Acceleration component along these periodic solutions. Therefore, at these positions, the product of the eigenvalues of the sub-matrix F xy is negative, and the quadratic curve becomes intersecting lines at these particular locations (see Fig. 14) . In particular, the lower part of all five reference periodic orbits, as presented in Fig. 14 , is in closest proximity with the Earth, leading to a higher level of sensitivity in the vicinity of these reference paths. As a consequence, no regions of zero drift are analytically indicated outside of this portion of the orbits.
The previous fact can also be illustrated considering a sphere of radius 2 km (a circle of 2 km in the planar case) defined previously in Fig. 7 , and computing numerically the radial component of the relative acceleration at two different locations along the periodic orbits. The qualitative behavior of the radial acceleration function is almost the same for all the locations along the periodic orbits A, B, C, D, or E. Two specific locations, identified as t = 2.037 and t = 5.432 units of dimensionless time (about 9 days and 24 days) along the reference paths, are selected inside the regions with zero relative radial acceleration component. The radial component of the relative acceleration is then plotted as a function of the angle ψ and represented in Fig. 15 . A set of test points on the sphere of radius 2 km is defined around this location, varying the angle ψ between 0 and 360 degrees, with φ = 0 degrees (see Fig. 7 ). The relative radial acceleration component is evaluated for each of these points using the right side of Eq.(4). This function is periodic (period equal to 180 degrees) and has two maxima and two minima similarly to the elliptic case. Additionally, there exist two different values of ψ, denoted by ψ * and ψ * * , such that, 0 < ψ * < ψ * * < 200 degrees, where the radial component is zero with vertex at these locations. Note that since the radial component function is periodic with respect to ψ, the other two zeros represent the same situation. In locations where there is no zero drift curves, the radial component function only has two maxima and two minima, and never approaches to zero for any value of ψ at this location. 
Cost Estimate to maintain a formation on the Minimum Relative Radial Accel-
eration component Considering a separation between the deputy and chief spacecraft of 2 km and only one geometrical configuration, the cost estimate to maintain a formation moving within the Minimum Relative Radial Acceleration (MRRA) component is computed in this section. Similarly, we will assume that the formation has only three spacecraft: two deputy vehicles at the edges of a segment parametrized by the angle ψ (see Fig.  7 ) and the chief satellite at the middle point. The third satellite will move along the periodic orbits shown in Fig. 3, Fig. 4 , and Fig. 5 without any control acting on it. The length of the segment will then be 4 km.
Previous section showed that at certain locations along the periodic orbits A, B, C, D and E, a planar formation can not be set at the directions of zero drift. The curves obtained with the analytical linear approach, and that determines the most suitable directions to set a formation, do not exist along the all locations of the reference paths. On the other hand, the numerical approach showed the existence of a minimum value, denoted by ψ m , of the radial component function at the specific locations, such that, 0 < ψ m < 180 degrees (Fig. 15) . Fig. 16 shows the two zeros ψ * , ψ * * and the minimum ψ m associated to each point X h (t) along the reference paths maintaining a fixed distance of 2 km. As can be seen in Fig. 16 , the function ψ m , which describes the direction of minimum radial component, is smooth. Nevertheless, when the formations are set at the directions where the radial component is minimum or zero, there are two points where the function ψ is not smooth. This fact will imply a discontinuity in the velocity and acceleration components of the relative position vector δr a and therefore, a higher cost to maintain a rigid formation about L 4 , as shown by Salazar et al. (2014) in the Earth-Moon CRTBP scenario. Hence, considering only the MRRA that ideally determines low drift regions, the deputy spacecraft will be set at the directions given by the angle ψ m .
The relative position vector δr a of each deputy satellite from the initial location along the reference orbit during 1, 000 days will be computed by transformation of polar coordinates. Similarly, the first and second derivatives of the coordinates of vector δr a with respect to time will be approximated by a central finite difference of eighth-order accuracy. Finally, the coordinates of residual acceleration vector R a will be computed using Eq.(16) and the cost estimate ∆V to maintain the formation within the MRRA curves during 1, 000 days will be determined numerically integrating the expression defined in Eq.(17) by the Trapezoid method. Table 3 shows the cost estimate ∆V (m/s) for the geometrical configuration that maintains two deputy spacecraft within the MRRA curves defined along the periodic orbits A, B, C, D, and E, during 1, 000 days, and keeping a fixed distance of 2 km between the deputy and chief spacecraft. The first deputy vehicle is set at ψ = ψ m , and the second one at ψ = ψ m + 180 degrees. Note that, for stable periodic orbits A and B, and unstable periodic orbits D and E, the cost estimate practically remains about 0.5 m/s, whereas the lowest cost estimate is obtained for periodic orbit C, which is also unstable, has the same period of orbits A and B, but do not lie far away from L 4 . Therefore, for the periodic orbits studied in this work, the cost estimate depends neither on their period nor on their stability, it depends on their amplitude of the orbit. Large amplitude implies a higher cost estimate to keep the formation.
Similarly, for periodic orbits A, B, D, and E, angle ψ m varies between 130 degrees and 180 degrees, while on the contrary, for periodic orbit C, ψ m is practically equal to 150 degrees, i.e., the formation in this case points out in the direction orthogonal Table 3 : Cost estimate ∆V (m/s) to maintain two deputy spacecraft within the MRRA curves defined along the family of periodic orbits A, B, C, D, and E shown in Fig. 3, Fig. 4 , and Fig. 5 , during 1, 000 days, and keeping a fixed distance of 2 km between the deputy and chief spacecraft.
to the vector that connects the Earth's center and L 4 point. Identical property was found for the family of quasi-periodic orbits near L 4 studied in the previous sections. The orientation of the formation set at the MRRA regions is illustrated in Fig. 17 . Finally, Table 3 shows that, although the Sun's attraction force affects the stability of equilateral equilibrium points in the Earth-Moon CRTBP, the formation keeping ∆V requirements are still very small. However, the cost estimates in this section for large amplitude periodic orbits are almost equal to the average costs computed by Wong (2009) , using LQR control, for reference in-plane elliptical relative trajectories near the Earth-Moon L 4 point in the BCFBP scenario. In fact, for a similar formation studied in this investigation, Wong (2009) would require an average change in velocity of 56 cm/s during 1, 000 days to maintain the spacecraft near L 4 ; whereas placing the formation at periodic orbit C, which remains close to L 4 , the cost estimate within the MRRA curves is eight times lower (about 7 cm/s).
Conclusions
In this paper we have determined quadratic surfaces associated to any natural trajectory suitable for formation flight about the equilateral equilibrium points in two scenarios: Earth-Moon ERTBP and Sun-Earth-Moon BCFBP. In the first scenario, a family of long and short quasi-periodic orbits near L 4 are considered. Fixing the vertical amplitude, regions with zero relative radial acceleration component for the deputy vehicle are determined varying the long and short amplitudes. Assuming a radius of 2 km for the geometry of the formation, the variational equation with respect to the reference trajectory derives analytically quadratic surfaces for the zero drift regions along each reference orbit. Although the linear approach determines elliptic cones along the reference paths, from 0.04 adim for the long period and 0.02 adim for the short period amplitude, there exist certain locations where the cones become intersecting planes and their orientation changes. In the second scenario, a family of five planar periodic orbits around L 4 are considered. For planar formations, the zero drift regions represent intersecting lines, however, these curves only exist for some locations along all five periodic orbits. This fact depends neither on the amplitude nor on the stability of the orbits, but on the amplitude of the periodic solution about L 4 .
The natural motion for the deputy spacecraft, set at the most suitable directions, avoids large variations of the mutual distances between the deputy and chief spacecraft. The cost estimate to maintain a certain geometrical configuration along the reference paths, with a fixed radius of 2 km, have been computed by the integral of residual acceleration. In the ERTBP scenario, four different geometrical configurations in the ZRRA cones are considered. To avoid the indetermination produced by the bifurcation between the elliptic cones and the intersecting planes, the first two configuration remain on the plane generated by the first and third eigenvectors of the matrix of all second-order partial derivatives of the pseudo potential; the last two configurations remain on the plane generated by the first two eigenvectors if there is no indetermination along the reference paths. Even though the first two configuration satisfy the quadratic equation along each quasi-periodic orbit analyzed in this study, a lower cost estimate was found for the last two configurations, which represent quasi-planar formation with respect to the coordinate system parallel to the rotating coordinate system x, y, z and centered at the chief's path, such that, the deputy's relative position vector and the line that connects the Earth's center with L 4 are practically orthogonal. Planar formations thus appear to be the most robust of the formations designed here.
On the other hand, in the BCFBP scenario, since the zero drift curves does not exist for all locations along the periodic orbits, the planar formation points out in the direction where the radial component of the relative acceleration reaches a minimum. This configuration avoids the discontinuity in the relative velocity and acceleration components. A lower cost estimation is obtained when the formation remains close to L 4 , and similar to the ERTBP scenario, the orientation is orthogonal to the vector that connects Earth's center with L 4 point.
Although the ERTBP and BCFBP scenarios significantly affect the dynamics about L 4 point, the formation keeping ∆V requirements in this work are extremely small, on the order of 10 cm/s during 1, 000 days. Therefore, for small satellites with a mass of few kilograms, such small velocity changes are achievable using electric propulsion systems.
In conclusion, this research has provided a more accurate description of the relative motion about Earth-Moon triangular libration points because Moon's eccentricity and solar gravitational effects were modeled and added to the system. However, since ERTBP and BCFBP models catch the basic dynamics of formation flight about equilateral libration points in the Earth-Moon system, this analysis presented here consists in a preliminary study to mission design and simulation, and it can be extended to more complex descriptions of relative motion at L 4 point, e.g., ephemerisbased model. Finally, new reference orbits may be included in different environments,
